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Abstract 

A subgraph (a spanning subgraph) of a graph G whose all components are 
3-vertex paths is called an A-packing (respectively, an A-factor of G. Let v(G) 
and X(G) be the number of vertices and the maximum number of disjoint 3-vertex 
paths in G, respectively. We discuss the following old 

Problem (A. Kelmans, 1984). Is the following claim true? 
(P) If G is a cubic 3-connected graph, then G has a A-packing that avoids at most 
two vertices ofG, i.e. X(G) = [v(G)/3\. 

We show, in particular, that claim (P) is equivalent to some seemingly stronger 



claims (see 3.1). For example, if v(G) = mod 3, then the following claims are 
equivalent: G has a A-factor, for every e G E(G) there exists a A-factor of G 
avoiding (containing) e, G — X has a A-factor for every X C E{G) such that 
\X\ = 2, and G — L has a A-factor for every 3-vertex path L in G. We also 
show that certain claims in theorem |3.1 are best possible. We give a construction 



providing infinitely many cyclically 6-connected graphs G with two disjoint 3- 
vertex paths L and L' such that v(G) = mod 3 and G — L — U has no A-factor. 
It turns out that if claim (P) is true, then Reed's dominating graph conjecture is 
true for cubic 3-connected graphs. 

Keywords: cubic 3-connected graph, 3-vertex path packing, 3-vertex path 
factor, domination. 



1 Introduction 

We consider undirected graphs with no loops and no parallel edges. All notions and 



facts on graphs, that are used but not described here, can be found in [l||2 19 . 

Given graphs G and H, an H-packing of G is a subgraph of G whose all components 
are isomorphic to H. An H-packing P of G is called an H- factor if V(P) = V(G). The 
H-packing problem, i.e., the problem of finding in G an if-packing, having the maximum 
number of vertices, turns out to be iVP-hard for every connected graph H with at least 



1 



three vertices [3]. Let A denote a 3- vertex path. In particular, the A-packing problem 
is A^P-hard. Moreover, the problem of packing fc-vertex paths, k > 3, is A^P-hard for 
cubic graphs (6). Also, the 3- vertex path packing problem remains A^P-hard even for 



cubic bipartite planar graphs 16 



Although the A-packing problem is A^P-hard, i.e., possibly intractable in general, 
this problem turns out to be tractable for some natural classes of graphs. It would be 
also interesting to find polynomial algorithms that would provide a good approximation 



for the problem. Below (see 1.1 - 1.2) there are some examples of such results. In each 
case the corresponding packing problem is polynomially solvable. 

Let v(G) and X(G) denote the number of vertices and the maximum number of 
disjoint 3-vertex paths in G, respectively. Obviously, X(G) < [v(G)/3\. 

A graph is called claw-free if it contains no induced subgraph isomorphic to 
(which is called a claw). A block of a graph G is either an isolated vertex or a maximal 
connected subgraph H of G such that H — v is connected for every vertex v of H. A 
block of a connected graph is called an end-block if it has at most one vertex in common 
with any other block of the graph. Let eb(G) denote the number of end-blocks of G. 

1.1 1 12 1 Suppose that G is a connected claw-free graph and eb(G) > 2. Then X(G) > 
\_{v(G) — eb(G) + 2)/3j, and this lower bound is sharp. 

1.2 [12] Suppose that G is a connected and claw- free graph having at most two end- 
blocks (in particular, a 2-connected and claw-free graph). Then X(G) = \y(G)/3\. 



Obviously, the claim in 1.2 on claw- free graphs with exactly two end-blocks follows 
from fTTTl 



In [5j|13] we answered the following natural question: 

How many disjoint 3-vertex paths must a cubic graph have? 

1.3 If G is a cubic graph, then X(G) > py(£r)/4~|. Moreover, there is a polynomial time 
algorithm for finding a A-packing having at least \v(G)/4\ components. 

Obviously, if every component of G is K±, then X(G) = v(G)/A. Therefore the bound 
in 1.3 is sharp. There are some other connected cubic graphs for which the bound in 



11.31 is attained. 

Let Q\ denote the set of graphs with each vertex of degree at least 2 and at most 3. 
In [5] we answered (among other results) the following question: 

How many disjoint 3-vertex paths must an n-vertex graph from Q\ have? 
1.4 Suppose that G £zQ\ and G has no 5-vertex components. Then X(G) > \v(G)/4\. 
Obviously, 1.3 follows from 1.4 because if G is a cubic graph, then G G Q\ and G 



has no 5-vertex components. 

In (5] we also gave a construction that allowed to prove the following: 
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1.5 There are infinitely many connected graphs for which the bound in\1.4\ is attained 



Moreover, there are infinitely many subdivisions of cubic 3-connected graphs for which 
the bound in 11.41 is attained. 

The next interesting question is: 

How many disjoint 3-vertex paths must a cubic connected graph have? 
The following bound was recently found in [H] , 

1.6 If G is a cubic connected graph and v(G) > 17, then X(G) > j^v(G). 
The next natural question is: 

1.7 Problem. How many disjoint 3-vertex paths must a cubic 2-connected graph have? 

1.8 |15| If G is a cubic connected graph and v(G) > 9, then X(G) > Av(G). 

On the other hand, it is also natural to consider the following 

1.9 Problem. Are there 2-connected cubic graphs G such that X(G) < [y(G)/3\ ? 

In [7] we gave a construction that provided infinitely many 2-connected, cubic, bi- 
partite, and planar graphs such that X(G) < [v(G)/3\. 

The main goal of this paper (see also |8)) is to discuss the following old open problem 
which is similar to Problem 11.91 

1.10 Problem. (A. Kelmans, 1984). Is the following claim true? 
(P) if G is a 3-connected and cubic graph, then X(G) = \y(G)/3\. 

Originally we have we've become interested in this problem because it is related 
with non-trivial relaxations of some graph Hamiltonicity problems we've been studying 
(see 0). 



Problem 1.10 is also related with the minimum domination problem in a graph. 
In [18] B. Reed conjectured that if G is a connected cubic graph, then 7(G) < \v(G)/3] , 
where 7(G) is the dominating number of G (i.e., the size of a minimum vertex subset X 
in G such that every vertex in G — X is adjacent to a vertex in X). It turns out that 



Reed's conjecture is not true for connected and even for 2-connected cubic graphs 10 17 



If claim (P) in 1.10 is true, then from 3.1 



is true for 3-connected cubic graphs. In 
graph with v(G) = 1 mod 3, then 7(G) < [v(G)/3\. 



it follows, in particular, that Reed's conjecture 
9] we proved that if G is a cubic Hamiltonian 



In this paper we show, in particular, that claim (P) in 1.10 is equivalent to some 



seemingly stronger claims (see 3.1). 



In Section [2] we give some notation, constructions, and simple observations. In Sec- 
tion [3] we formulate and prove our main theorem 3.1 concerning various claims that are 
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Figure 1: AaabB 



equivalent to claim (P) in 1.10 We actually give different proofs of 3.1 Thus, if there is 
a counterexample C to one of the above claims, then these different proofs provide differ- 



ent constructions of counterexamples to the other claims in |3.1| Additionally, different 
proofs provide better understanding of relations between various A-packing properties 
considered in |3.1[ In Section [4] we describe some properties of A-factors with respect to 



3-edge cut-matchings and triangles in cubic 3-connected graphs. In Section [5] we give 
two A-factor homomorphism theorems for cubic graphs. Finally, in Section [6] we give a 



construction of cubic cyclically 6-connected graphs showing that certain claims in |3.1 
are best possible. 



We can also prove that many equivalences in 3.1 are also true in the class of bipartite 



3-connected cubic graphs and that if claim (P) in 1.10 is true for bipartite graphs, then 
Reed's conjecture is also true for bipartite 3-connected cubic graphs. 



2 Notation, constructions, and simple observations 

We consider undirected graphs with no loops and no parallel edges unless stated oth- 
erwise. As usual, V{G) and E{G) denote the set of vertices and edges of G, respectively, 
and v(G) = \V(G)\. If A is a vertex subset or a subgraph of G, then let D(X,G) (or 
simply D(X)) denote the set of edges in G having exactly one end- vertex in X, and let 
d(X,G) = \D(X,G)\. If x G V(G), then D(x,G) is the set of edges in G incident to 
x, d(x,G) = \D(x,G)\, N(x,G) = N(x) is the set of vertices in G adjacent to x, and 
A(G) = max{d(x,G) : x G V{G)}. If e = xy G E(G), then let End{e) = {x,y}. Let 
Cmp(G) denote the set of components of G and cmp(G) = \Cmp(G)\. 

We call an edge cut A' in a cubic graph a blockade, if K is matching. A k-blockade 
is a blockade with k edges. Every connected cubic graph non-isomorphic to K4 or 
has a blockade. For every such graph G, let c(G) denote the size of a minimum blockade 
in G] the parameter c(G) is called the cyclic connectivity of G and G is called cyclic 
k-connected, if c(G) > k. 

Let A and B be disjoint graphs, a G V(A), b G V(B), and a : N(a,A) ->■ N(b,B) 
be a bijection. Let AaabB denote the graph (A — a) U (B — b) U {xo~(x) : x G N(a, A)}. 
We usually assume that N(a,A) = {ai,a 2 ,a 3 }, N(b,B) = {bi,b 2 ,bz}, and cr(aj) = 6, 
for i G {1,2,3} (see Fig. fl|. We also say that AaabB is obtained from B by replacing 
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vertex b by (A — a) according to a. 

Let P be a cubic graph and X C V(5). Let A 1 ", where t> G X, be a graph, a v 
be a vertex of degree three in A", and A v = A v — a v . By using the above operation, 
we can build a graph G = B{(A v ,a v ) : v G X} by replacing each vertex v of B in 
X by A,, assuming that all A v, s are disjoint. We call G = B{(A v } a v ) : v G V(P)} a 
graph- composition, B - the frame and each a") - a frncfc of this graph-composition. 
Let D v = D(A V ,G). If all (A v ,a v )'s are isomorphic to some (Z,z), then instead of 
B{(A v ,a v ) : u G V(B)} we simply write P{Z,,z}. For each u G "1/(5) \ X, let A" be 
the graph having exactly two vertices u, a u and exactly three parallel edges connecting 
u and a u . Then G = B{(A v ,a v ) : v G X} = Pj^X) : u G V(B)}. If, in particular, 
X = V(B) and each A" is a copy of X 4 , then G is obtained from B by replacing each 
vertex by a triangle. 

Let P' = E'(G) = E(G) \ U{E(A V ) : v G 1/(5)}. Obviously, there is a unique 
bijection a : -E(-B) — > E'(G) such that if uv G E(B), then ot(w) is an edge in G having 
one end- vertex in A u and the other in A v . 

Let P be a A-packing in G. For w G E(B), u ^ v , we write u-i p v or simply, u-<v, if 
P has a 3-vertex path L such that a(uv) G E(L) and |1/(A U ) n V(L)\ = 1. Let P 1 ' be 
the union of components of P that meet (i.e., have an edge in) D v . 

Obviously: 

2.1 Lei be an integer and k < 3. //A and P above are k-connected, cubic, bipartite, 
and planar graphs, then AaabB is also a k-connected, cubic, bipartite, and planar graph, 
respectively. 

From l2~m we have: 

2.2 Let k be an integer and k < 3. 7/P and each A" is a k-connected, cubic, bipartite, 
and planar graphs, then B{(A v ,a v ) : v G V(B)} is also a k-connected, cubic, bipartite, 
and planar graph, respectively. 

Let A 1 , A 2 , A 3 be three disjoint graphs, a 1 G V(A l ), and N(a\A l ) = {a\,a l 2 ,a l 3 }, 
where % G {1,2,3}. Let F = Y(A X , a 1 ; A 2 , a 2 ; A 3 , a 3 ) denote the graph obtained from 
(A 1 — a 1 ) U (A 2 — a 2 ) U (A 3 — a 3 ) by adding three new vertices z%, z% and the set of nine 
new edges {ZjOj : i,j G {1, 2, 3} (see Fig. [2j). In other words, if P = X 3i3 is the complete 
(X, Z) -bipartite graph with X = {xi, x 2 , £3} and Z = {zi,z 2 ,z 3 }, then F is obtained 
from P by replacing each vertex x% in X hy A 1 — a 1 so that D(A l — a 1 , P) = {djZj : j G 
{1, 2, 3}}. Let D l = D(A { -a\F). If P is a A-packing of P, then let P* = P\F) be the 
union of components of P meeting D l and P* = P l (P) = P(P) fl P\ z G {1, 2, 3}. 

If each (A 1 , a 1 ) is a copy of the same (A, a), then we write Y(A,a) instead of 
Y(A l , a 1 ; A 2 , a 2 ; A 3 , a 3 ). 



In particular, from [272 we have: 
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Figure 2: Y(A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) 
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2.3 Let k be an integer and k < 3. If each A 1 above is a k-connected, cubic, and 
bipartite graph, then Y(A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. [2]) is a/so a k-connected, cubic, 
and bipartite graph, respectively. 

We will also use the following simple observation. 

2.4 Let A and B be disjoint graphs, a e V{A), N(a,A) = {01,02,03}, b G V(B), 
N(b,B) = {61,62,63}, and G = AaabB, where each a{ai) = bi (see Fig. [T]). Let P be a 
A-factor of G {and so v(G) = mod 3) and P' be the A-packing of G consisting of the 
components (3-vertex paths) of P that meet {0161,0262,0363}. 

(al) Suppose that v(A) = mod 3, and so v(B) = 2 mod 3. Then one of the following 
holds (see Fig. [3|: 

(al.l) P' has exactly one component that has two vertices in A — a, that are adjacent 
(and, accordingly, exactly one vertex in B — b), 

(al.2) P' has exactly two components and each component has exactly one vertex in 
A — a (and, accordingly, exactly two vertices in B — b, that are adjacent), 

(al.3) P' has exactly three components L\, L 2 , L 3 and one of them, say L\, has 
exactly one vertex in A — a and each of the other two L 2 and L 3 has exactly two vertices 
in A — a, that are adjacent (and, accordingly, Li has exactly two vertices in B — b, that 
are adjacent, and each of the other two L 2 and L3 has exactly one vertex in B — 6). 

(a2) Suppose that v(A) = 1 mod 3, and so v(B) = 1 mod 3. Then one of the following 
holds (see Fig. Q : 
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(o2.1) P' = 0, 

(a2.2) P' has exactly two components, say L% and L 2 , such that one of the them, say 
L\, has exactly one vertex in A — a and exactly two vertices in B — b, that are adjacent, 
and the other component L 2 has exactly two vertices in A — a, that are adjacent, and 
exactly one vertex in B — b, 

(a2.3) P' has exactly three components L x , L 2 , L 3 and either each Li has exactly one 
vertex in A — a (and, accordingly, has exactly two vertices in B — b, that are adjacent) 
or each Li has exactly two vertices in A — a, that are adjacent (and, accordingly, has 
exactly one vertex in B — b). 



3 A-packings in cubic 3-connected graphs 

The main goal of this section is to prove the following theorem showing that claim 
(P) in 1.10 is equivalent to various seemingly stronger claims. 

3.1 The following claims are equivalent for cubic 3-connected graphs G: 
(zl) v(G) = mod 6 =>• G has a A-factor, 

(z2) v(G) = mod 6 ^> for every e G E(G) there is a A-factor of G avoiding e (i.e., 
G — e has a A-factor), 

(z3) v(G) = mod 6 =^ for every e G E(G) there exists a A-factor of G containing e, 

(z4) v (G) = mod 6 =^ for every x G V(G) there exists at least one 3-vertex path L 
such that L is centered at x and G — L has a A-factor, 

(z5) v(G) = mod 6 =^ for every x G V(G) there exist at least two 3-vertex paths L 
such that L is centered at x and G — L has a A-factor, 

(z6) v(G) = mod 6 =^ for every xy G E(G) there exist edges xx',yy' G E(G) such that 
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G — xyy' and G — x'xy have A-factors, 

(z7) v{G) = mod 6 G - X has a A-factor for every X C E(G) such that \X\ = 2, 

(z8) v(G) = mod 6 =>- G — L has a A-factor for every 3-vertex path L in G, 

(z9) v(G) = mod 6 =>■ for every 3-edge cut K of G and S C K , \S\ = 2, there exists 
a A-factor P of G such that E(P) D K = S, 

(tl) v(G) = 2 mod 6 =>- for every x £ V(G) there exists xy £ E(G) such that G — {x, y} 
has a A-factor, 

(t2) v(G) = 2 mod 6 =>- G — {x, y} has a A-factor for every xy £ E(G), 

(t3) v(G) = 2 mod 6 =>- for every x £ V(G) there exists a 5-vertex path W such that x 
is the center vertex ofW and G — W has a A-factor (see also 2.4 (al.2) and Fig. [3]), 

(t4) v(G) = 2 mod 6 =>■ for every x £ V(G) and xy £ E(G) there exists a 5-vertex path 
W such that x is the center vertex of W , xy £" E(W), and G — W has a A-factor (see 



also[2^4|(al.2) and Fig. gj), 

(fl) v(G) = 4 mod 6 =>• G — x /ias a A-factor for every x £ V((j) 7 

(f2) t> (G) = 4 mod 6 =>• G — {x, e} /ias a A-factor for every x £ V(G) and e £ E{G), 

(f3) = 4 mod 6 =>- /or every x £ V(G) ^/iere exists a ^-vertex path Z such that x 
is an inner vertex of Z and G — Z has a A-factor (see also 2.4 (a2.2) and Fig. 

(f4) v(G) = 4 mod 6 ^> for every x £ V(G) there exists xy £ E(G) and a 4-vertex path 
Z such that x is an inner vertex of Z, xy £" E(Z), and G — Z has a A-factor (see also 



2.4 (o2.2) and Fig. Eft, 



(f5) v(G) = 4 mod 6 =>■ /or every £ -E(G) i/iere exzsts a J^-vertex path Z such that 



xy is the middle edge of Z and G — Z has a A-factor (see also 2.4 (a2.2) and Fig. HJ), 

(f6) v(G) = 4 mod 6 =>• for every z £ V(G) and every 3-vertex path xyz there exists a 
4-vertex path Z such that xyz C Z , z is an end-vertex of Z , and G — Z has a A-factor 
(see also [2^4] (a2. 2) and Fig. 14} . 



Theorem 3.1 follows from 3.6 - 3.28 below. In 11 we have shown that claims (zl 



- (z5) are true for cubic, 3-connected, and claw-free graphs. In [9] we have proved the 
following results related to (£3), (£4), and (/3) - (/6). 

3.2 Le£ G be a cubic 2-connected graph. Then 

(al) if G — x has a A-factor for some vertex x in G (and so v(G) = 4 mod 6), then there 
exists a 4-vertex path U in G such that G — H has a A-factor, 

(a2) if G — x,y has a A-factor for some edge xy in G (and so v(G) = 2 mod 6), then 
there exists a 5-vertex path W and two disjoint 4-vertex paths Hi and n 2 in G such that 
G — W and G — (ITx U Il 2 ) have A-factors, and 

(a3) ifv(G) = 4 mod 6 and G has a Hamiltonian cycle, then there exists a claw Y = 
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in G such that G — Y has a A- factor. 



From claim (a3) in 3.2 it follows that if G is a cubic Hamiltonian graph with 



v (G) = 4 mod 6, then its domination number is at most [v(G)/3\. 



The remarks below show that if claims (z7), (z8), (t2) - (i4), and (/l) - (/6) in 3.1 
are true, then they are best possible in some sense. 

(rl) Obviously claim (z7) is not true if condition "\X\ =2" is replaced by condition 
"\X\ = 3". Namely, if G is a cubic 3-connected graph, v(G) = mod 6, X is a 3-edge 
cut in G, and the two components of G — X have the number of vertices not divisible 
by 3, then clearly G — X has no A-factor. Moreover, for every 3-edge graph Z with no 
isolated vertices and distinct from Ki 3 , there exist infinitely many pairs (G,X) such 
that G is a cubic 3-connected graph, X C E(G), \X\ = 3, G[X] (the subgraph of G 
induced by X is isomorphic to Z, and G — X is connected and has no A-factor. Also in 
Section [4] we describe an infinite set of cubic 3-connected graphs G such that such that 
G — E(T) has no A-factor for every triangle T in G. 

(r2) There exist infinitely many triples (G, L, e) such that G is a cubic, 3-connected, 
bipartite, and planar graph, v(G) = mod 6, L is a 3-vertex path in G, e G E(G — L), 
and (G — e) — L has no A-factor, and so claim (z8) is tight. Indeed, let v G V(G), 
A"(v, G) = {x, y, z}, and yz G E(G), and so i>j/2 is a triangle. Since G is 3-connected, x 
is not adjacent to {y, z}. Let L be a 3-vertex path in G — v containing yz. Then x is an 
isolated vertex in (G — e) — L, and therefore (G — e) — L has no A-factor. Similarly, let 
S = abcda be a 4-cycle in G, e = x<i be an edge in a vertex in G — E(S), and L = abc be 
a 3-vertex path in G. Then again x is an isolated vertex in (G — e) — L, and therefore 
(G — e) — L has no A-factor. 

(r2') The arguments in (r2) also show that there exist infinitely many triples (G, L, V) 
such that G — [L U L') has no A-factor, where L and V are disjoint 3-vertex paths in 
G, and G is a cubic, 3-connected, bipartite, and planar graph, and so claim (z8) is tight 
in this sense as well. Indeed, they can be obtained from the constructions in (r2) by 
replacing vertex a; by a 3-vertex path in G — L containing x. 



In Section 6 (see 6.1 ) we give a construction providing infinitely many cubic cyclically 



6-connected graphs G such that on the one hand, (G — e) — L has a A-factor for every 
3-vertex path L in G and every edge in G — L, and on the other hand, G has pairs of 
disjoint 3-vertex paths L and V such that G — (L U V) has no A-factor. 

(r3) There exist infinitely many triples (G, xy, e) such that G is a cubic, 3-connected, 
bipartite, and planar graph, v(G) = 2 mod 6, xy G E(G), e G E{G — {x,y}), and 
G — {x, y, e} has no A-factor, and so claim (£2) is tight. 

(r4) There exist infinitely many triples (G, x, y) such that G is a cubic 3-connected 
graph, v(G) = 2 mod 6, {x,y} C V(G), x ^ y, xy ^ E(G), and G — {x, y} has no 
A-factor, and so claim (t2) is not true if vertices x and y are not adjacent. 

(r5) There exist infinitely many quadruples (G, a, 6, x) such that G is a cubic 3- 
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connected graph with no 3-cycles and no 4-cycles, v(G) = 4 mod 6, x G V(G), a and b 
are non-adjacent edges in G — x, and G — {x, a, b} has no A-factor, and so claim (/2) is 
tight. 

(r6) There exist infinitely many triples (G, L, x) such that G is a cubic 3-connected 
graph with no 3-cycles and no 4-cycles, v(G) = 4 mod 6, x G V(G), L is a 3-vertex path 
in G — x, and G — {x, L} has no A-factor (see claim (/l)). 

(r7) There exist infinitely many pairs (G, II) such that G is a cubic 3-connected 
graph, v(G) = 4 mod 6, II is a 4-vertex path in G, and G — U has no A-factor (see 
claims (/3) - (/6)). 

(r8) There exist infinitely many triples (G, W) such that G is a cubic 3-connected 
graph, v(G) = 2 mod 6, W is a 5- vertex path in G, and G — W has no A-factor (see 
claims (t3) and (£4)). 

The above discussion in (r2) leads to the following question. 

3.3 Problem. Is the following claim true ? Suppose that G is a cubic 3-connected 
graph with no triangles and no squares (or moreover, cyclically 5-connected), e is an 
edge in G, and L is a 3-vertex path in G — e. Then (G — e) — L has a A-factor. 

We need the following two results obtained before. 

3.4 Q Let G = Y(A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. |gf and P be a A-factor ofG. Suppose 
that each A 1 is a cubic graph and v(A l ) = mod 6. Then cmp(P t ) G {1,2} for every 
% G {1,2,3}. 

Proof. Let % G {1,2,3}. Since D l is a matching and P % consists of the components of 
P meeting D l , clearly cmp(P l ) < 3. Since v(A l ) = —1 mod 6, we have cmp(P % ) > 1. It 
remains to show that cmp(P % ) < 2. Suppose, on the contrary, that cmp(P l ) = 3. Since 
P is a A-factor of G and v(A Y — a 1 ) = — 1 mod 6, clearly v(P 1 ) D V(A 1 — a 1 ) = 5 and we 
can assume (because of symmetry) that Pi consists of three components a^z^a 2 , zia\y l , 
and Z2CL2U 1 for some y 1 ,^ G V^A 1 ) Then cmp(P 3 ) = 0, a contradiction. □ 



3.5 |7| Let A be a graph, e = aa% G E(A), and G = Y(A, a) (see Fig. |2|. Suppose that 
(hi) A is cubic, 
(h2) v(A) = mod 6, and 
(h3) a has no A-factor containing e = aa±. 

Then v(G) = mod 6 and G has no A-factor. 



Proof (uses 3.4). Suppose, on the contrary, that G has a A-factor P. By definition of 



G = Y(A } a), each A 1 is a copy of A and edge e 1 = a l a\ in A 1 is a copy of edge e = aai 



in A By 3.4, cmp(P t ) G {1,2} for every i G {1,2,3}. Since P is a A-factor of G and 



v(A l — a 1 ) = —1 mod 6, clearly E(P) f]D l is an edge subset of a A-factor of A 1 for every 
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£ {1,2,3} (we assume that edge ZjO 1 - in G is edge a l a* in A 1 ). Since a}a\ does not 



belong to any A-factor of A 1 for every i £ {1, 2, 3}, clearly P(P) fl {zia];, z\a\ . 
Therefore z\ ^ V(P), and so P is not a A-factor of G, a contradiction. 



^ia?} = 0. 



□ 



3.6 (zl) ^ (z2). 



Proof (uses 2.3 and 3.4). Obviously, (zl) (z2). We prove (zl) 



>2). 



Suppose, on the contrary, that (zl) is true but (z2) is not true, i.e., there is a cubic 
3-connected graph A and aa\ £ E(G) such that v (A) = mod 6 and every A-factor 
of G contains aa\. Let G = Y(A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ), where each (A*, a 4 ) is a copy of 
(A, a) and edge aV x in A 1 is a copy of edge aai in A (see Fig. [2j. Since A is cubic 
and 3-connected, by 2.3, G is also cubic and 3-connected. Obviously, v(G) = mod 6. 
By (zl), G has a A-factor P. Since each v (A 1 ) = mod 6, by 3.4, cmp(P l ) £ {1,2} 
for every i £ {1,2,3}. Since P is a A-factor of G and v(A l — a 1 ) = —1 mod 6, clearly 
E(P) H -D 1 is an edge subset of a A-factor of A* for every i £ {1, 2, 3} (we assume that 
edge Zjdj in G is edge a*a* in A*). Since a}a\ belongs to every A-factor of A 1 for every 
i £ {1,2,3}, clearly {ziaj, Zia 2 , z-^a\ } C E(P). Therefore vertex has degree three in 
P, and so P is not a A-factor of G, a contradiction. □ 

3.7 (zl) (z3). 



Proof. Claim (zl) ■<= (z3) is obvious. Claim (zl) (z3) follows from 3.5 



□ 



3.8 (zl) (z4). 



Proof (uses 2.2 and|2.4 (al)). Obviously, (zl) <= (zA). We prove (zl) 



>4). 



Suppose that (zl) is true but (zA) is not true, i.e., there is a cubic 3-connected graph 
A and a £ V(A) such that v(A) = mod 6 and a has degree one in every A-factor of 
A. Let G be the graph obtained from B = K3 3 by replacing each vertex v of B by a 
copy A v of A — a (see Fig. [5]). Obviously, f(G) = mod 6 and by 2.2 G is a cubic 



3-connected graph. By (zl), G has a A-factor P. If uv £ E(P), then let L(uv) denote 
the component of P containing uv. Let V(P) = {1, . . . , 6}. 

Since vertex a has degree one in every A-factor of A and each (A v ,a v ) is a copy of 



(A, a), by |2j4| (al), we have cmp(P v ) £ {1,3}. 

(pi) Suppose that there is v £ V(B) such that cmp(P v ) = 3. By symmetry of B, we can 
assume that v — 1 and, by 2.4 (al.3), 1-4, 6-4, and 2-4 (see Fig. [5]). Let a; £ {2,6}. 
Since cmp(P x ) £ {1,3} and \V(L(lx) n V(Ac)| = 1, clearly cmp(P x ) = 3 and, by [gg 
(al.3), 5-ix, 3-ix. Then by 2.4 (al.2), cmp(P s ) = 2 for s £ {3,5}, a contradiction. 

) = 1 for every v £ V^(P). By symmetry, we can assume 
all). □ 



(p2) Now suppose that cmp(P v 
l-<2. Then P 2 contradicts [2T4 



3.9 (zl) (tl). 
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Figure 5: (zl) =>• (z4) 



Proof (uses [273]). If G = Y(A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. 12} and each A i is cubic and 



3-connected, then by |2.3 , G is also cubic and 3-connected. 



(pi) We first prove (zl) =>- (tl). Suppose, on the contrary, that (zl) is true but (tl) is not 
true, i.e., there is a cubic 3-connected graph A and a G V(A) such that v(A) = 2 mod 6 
and A — {a,y} has no A-factor for every vertex y in A adjacent to a. Let each (A*, a 1 ) 
above be a copy of (A, a), and so A 1 — {a\ a l A has no A-factor for every i,j G {1, 2, 3}. 
Obviously v(G) = mod 6. By (zl), G has a A-factor P. Then it is easy to see 
that since each v(A l — a 1 ) = 1 mod 6, there are r,s,j G {1,2,3} such that r / s and 
P s = a S jZja r j. Since P is a A-factor of G, clearly P R (A s — {zj,a S j}) is a A-factor of 
A s — {zj, a s } = A s — {a s , a?}, a contradiction. 

(p2) Now we prove (zl) (tl). Suppose, on the contrary, that (tl) is true but (zl) is 
not true, i.e., there is a cubic 3-connected graph A such that v(A) = mod 6 and A has 
no A-factor. 

Let (A\a l ) be a copy of (A, a) for % G {1,2}, where a G V(A), and (A 3 , a 3 ) be 
a copy of (H,h) for some cubic 3-connected graph if and h G ^(if), where v(H) = 
2 mod 6. Obviously v (G) = 2 mod 6. Suppose that P is a A-factor of G — {^af }. Then 
cmp(P 1 ) < 2. Since v (A 1 — a 1 ) = —1 mod 6, we have cmp(P 1 ) > 1. Now since P is a 
A-factor of G — {24a 3 } and v (A 1 — a 1 ) = —1 mod 6, clearly E(P) fl D 1 is an edge subset 
of a component of a A-factor of A 1 (we assume that edge ZjOj in G is edge c^a] in A 1 ). 
Therefore A has a A-factor, a contradiction. □ 

3.10 (zl) & (fl). 
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Proof (usesQ. By Q if G = Y(A\ a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. || and each A 



is 



cubic and 3-connected, then G is also cubic and 3-connected. 

(pi) We first prove (zl) =>- (fl). Suppose, on the contrary, that (zl) is true but (fl) 
is not true, i.e., there is a cubic 3-connected graph A such that v (A) = A mod 6 and 
A — a has no A-factor for some a G V(A). Let each (A 1 , a 1 ) above be a copy of (A, a). 
Obviously, v(G) = mod 6. By (zl), G has a A-factor P. Let P % be the union of 
components in P meeting D l and E l = E l (P). 

Since P is a A-factor of G and t> (A* — a 1 ) = 3 mod 6, clearly each d(zj, P) < 2 and 
each |P J | G {0,2,3}. Since A 1 — a 1 has no A-factor, each \E l \ G {2,3}, and so each 
d(zj, P) > 2. Thus, each d(zj, P) = 2, and so each zj is the center of a 3-vertex path in 
P and each \E % \ = 2. Now, since v(A l — a 1 ) = 3 mod 6, P fl (A* — a* — V(P 4 )) is not a 
A-factor of A* — a' — V^(P 1 )). Therefore P is not a A-factor of G, a contradiction. 

(p2) Now we prove (zl) •<= (/l). Suppose, on the contrary, that (/l) is true but (zl) is 
not true, i.e., there is a cubic 3-connected graph A such that v(A) = mod 6 and A has 
no A-factor. Let (A 1 , a 1 ) above be a copy of (A, a) for i G {1, 2} and some a G V(A) and 
(A 3 , a 3 ) is a copy of (P, h) for some cubic 3-connected graph H and /i G V(H), where 
v(H) = 4 mod 6 (see Fig. [2]). Then v(G) = 4 mod 6. Let x G V(P — h). Suppose that 
G — x has a A-factor P. Since A has no A-factor, clearly \E 1 (P)\ = |P 2 (P)| = 3. Then 
P is not a A-factor of G — x, and so (fl) is not true, a contradiction. □ 



3.11 (zA) (t2). 



Proof (uses 2.3 3.8 and 3.9). Let G 



Y(A\a 1 ] A 2 ,a 2 ;A 3 ,a 3 ) 



(see Fig. [2|. By [2^3 



if each A* is cubic and 3-connected, then G is also cubic and 3-connected. 



(pi) We first prove (zA) <= (t2). Obviously (t2) => (tl). By^8\ (zl) (zA). By|3^9 
(zl) <^ (tl). The result follows. 

(p2) Now we prove (zA) =3- (t2). Suppose, on the contrary, that (zA) is true but (t2) 
is not true. Then there exists a cubic 3-connected graph A and aai G E(G) such that 
v(A) = 2 mod 6 and A — {a,a\} has no A-factor. Let each (A 1 , a 1 ) above be a copy 
of (A, a) and edge a l a\ in A 1 be a copy of edge aa\ in G. Obviously v(G) = mod 6. 
Let L l where {i,j,k} = {1,2,3}. By (zA), G has a A-factor P containing 

U for some i G {1,2,3}, say for i = 3. If s G {1,2}, then cmp(P s ) = 3, because 
A s — {a s ,a{} has no A-factor and v(A s — a s ) = 1 mod 6. Also cmp(P 3 ) > 1, because 
v(A 3 — a 3 ) = 1 mod 6. Then P 1 U P 2 U P 3 has at least four components each meeting 
{^1,22,2:3}, a contradiction. □ 

3.12 (z2) => (z5). 



Proof (uses 2.1 and 2.4 (al)). Suppose, on the contrary, that (z2) is true but (z5) 



is not true. Then there exists a cubic 3-connected graph A and a G V(A) such that at 
most one 3-vertex path, centered at a belongs to a A-factor of A. It is sufficient to prove 
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our claim in case when A has exactly one 3- vertex path, say L = c^ac^, centered at a 
and belonging to a A-factor of A. Let = aa^ and so E(L) = {ex, e<i\. 

Let B be the graph-skeleton of the three-prism: V(B) = {1, . . . , 6} and B is obtained 
from two disjoint triangles 123 and 456 by adding three new edges 14, 25, and 36. 

Let each (A v , a v ,a\, a^), v G V(B) be a copy of (A, a, ai, a 2 ), and so edge e v { = a v a v { in 
A v is a copy of edge = aOj in A, i 6 {1, 2}. We also assume that all A v 's are disjoint. 
Let G be a graph obtained from B by replacing each v G V(-B) by A v = A v — a" (see 
Fig. [6|. We recall the following notation from Section [2] 

(1) E'(G) = E(G) \ U{E(A V ) : v G V{B)}, 

(2) a : ^(5) —> E'{G) is the bijection such that if uv G E(B), then a(m>) is an edge 
in G having one end- vertex in A u and the other in A v , and 

(3) if P is a A-packing in G, then for lit? G E(B), u ^ v , we write -u-i p t> (or simply, 

if P has a 3- vertex path L such that a(uv) G -£?(£) and | V(A U ) fl V(L)| = 1. 

Given v G V^(-B), let S(v) be the set of two edges e[ in E'(G) such that edge is 
incident to vertex a" in G, i G {1, 2}. We assume that each vertex v in £> is replaced by 
Ay (to obtain G) in such a way that 

5(1) = {a(13),a(14}, S(2) = {a(21),a(25)}, 5(3) = {a(32), a(36)}, 
S(A) = {a(45),a(46)}, 5(5) = {a(54), a(56)}, 5(6) = {a(63), a(64)}. 
In Figure |6] the edges in 5(f) are marked for every v G V^(5). 

By |2.1| G is a cubic 3-connected graph. Since v(B) = mod 6, clearly also v(G) = 
mod 6. By (z2), G' = G - a (36) has a A-factor P. 

We know that A has exactly one 3- vertex path L = a\aa,2 centered at a and belonging 
to a A-factor of A and that each (A v , a v , a\, a%) is a copy of (A, a, a\, 02), and so t>(A 1 ' — 
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a") = — 1 mod 6. Therefore, by 2.4 (al) and the assumption on A, the A-factor P 



satisfies the following condition for every v G V(B): 

c(v) if cmp(P v ) = 2, then v-»a and v->b, where {a(v a), a(vb)} = S(v). 

Obviously, \D 3 \ = \D 6 \ = 2 in G - a(36). Therefore cmp(P 3 ) < 2 and cmp(P 6 ) < 2. 
Since a (36) G 5(3) fl 5(6), by conditions c(3) and c(6), cmp(P 3 ) = cmp(P 6 ) = 1. Now 



by 2.4| (al), x'->3 for some x' G {1, 2} and ?/-i6 for some y' G {4, 5}. 

(pi) Suppose that 1 — >3. Assume first that ct(14) G" E(P). Then cmp(P 1 ) < 2. 
(al), cmp(P 1 ) = 2. This contradicts c(l). Thus we must have a(14) G E(P). 

(pl.l) Suppose that 4->6. 

Suppose that 1-4. Then by 2.4 (al), 5-4 and 5->2. This contradicts c(5). 



By 



2.4 



Now suppose that 4— il. This contradicts c(4). 
(pi. 2) Suppose that 5— >6. Then cmp(P 4: ) < 2. 



Suppose that 1-4. By 2.4 (al.l), cmp(P 4 ) = 1. Then 5 — 12, which contradicts c(5) 
Now suppose that 4— il. Then cmp(P A ) = 2, which contradicts c(4). 

(p2) Now suppose that 2^3. Then a(13) E(P), and therefore cmp(P 1 ) < 2. By c(2 

al.2), cmp(P r ) 



and 

cfi: 



2.4 



(al.3), 1-.2 (and 5->2). Then by 



2.4 



2, which contradicts 
□ 



Since (z7) => (z2), we obtain from 3.12 



3.13 (z7) (z5). 

3.14 (zl) (z6). 

Proof. Obviously, (^1) 
[3T6land l3TT2l 

3.15 (zl) (z8). 



(z6) and (z5) (z6). As to (zl) 



[z6), it follows from 

□ 



Proof 1. Suppose, on the contrary, that (zl) is true but (z8) is not true. Then there 
exists a cubic 3-connected graph A and a 3-path L = aiaa>2 in A such that v (A) = 

mod 6 and A — L has no A-factor. Let A^(a, A) = {a\, a2, 0,3}. Let (A 1 ; a 1 , a\, a\, a l 3 ), 

1 G {1,2}, be two copies of (A; a, ax, a>2, 03) and A 1 , A 2 be disjoint graphs, and so 
U = a\a % a\ in A 1 is a copy of L — a^aa^ in A. Let H = A 1 a 1 aa 2 A 2 , where a : 
Af(a\ A 1 ) A^(a 2 , A 2 ) is a bijection such that o^a, 1 ) = a 2 for i G {1,2, 3}. Let G be the 
graph obtained from H by subdividing edge a]a 2 by a new vertex t>j for j G {1, 3} and by 
adding a new edge v 1V3. Obviously, G is a cubic 3-connected graph and v (G) = mod 6. 
By (zl), G' = G — {alvs,a 2 vs} has a A-factor P. Since d(v3,G') = 1, P has a 3- 
vertex path Li = W1V3. By symmetry of G, we can assume that v = c 



v(A 1 



-1 mod 6, P has a 3-vertex path L 2 = a\aih for some 6 G V(A 



Then P fl (A 1 — L) is a A-factor of A 1 — L, a contradiction. 



Since 



□ 
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Figure 7: (z7) (z8) 



Proof 2 (uses 2.4 (al)). Suppose, on the contrary, that (z7) is true but (2:8) is not 
true. Then there is a cubic 3-connected graph A and a 3-path L = a\aa 2 in A such that 
v (A) = mod 6 and A — L has no A-factor. Let N(a, A) = {a\, 0,2, (13}. 

Let B, {(A v ,a v ,al,al,a v 3 ) : v G and G be as in [3T12] (see Fig. Q. Given 

f G V(B), let 5(t>) be the set of two edges e! i in E'{G) such that edge is incident to 
vertex in G, i G {1)2}. We assume that each vertex v in B is replaced by A 1 " (to 
obtain G) in such a way that 

5(1) = {o(12),o(13)}, 5(2) = {a(21),a(23)}, 5(3) = {a(32), a(31)}, 
5(4) = {a(45),a(46)}, 5(5) = {a(54), a(56)}, 5(6) = {a(64), a(65)}. 
In Figure [7] the edges in 5(f) are marked for every v G V(B). 

Since v(G) = mod 6 and G is cubic and 3-connected, by (z7), G — {a(14), a(36)} 

(al) and the lack of A-factor in each of A" 



2.4 



a^a^a^, the 



has a A-factor P. By 
A-factor P satisfies the following condition for every v G V(B): 

c(v) if cmp(P v ) = 2, then f-ia and v—fo, where {a(va) , a(vb)} 7^ S(v). 

Obviously, \D l \ = 2 in G - {a(U), ot(36)}, and so cmpiP 1 ) < 2 for 2 G {1,3}. Since 
5(1) = {12,13} and 5(3) = {31,32}, by conditions c(l) and c(4) we have cmp{P 1 ) = 
cmp(P 3 ) = 1. Now by|2~4|(al.l), 2— .1 and 2->3. This contradicts c(2) 



□ 



3.16 (t2) (z7). 



Proof (uses |3. 8] and 3.11). We first prove (£2) (z7). Let G be a cubic, 3-connected 
graph with v{G) = mod 6 and a = a\a^, b = 6i6 2 be two distinct edges of G. Let 
G' be the graph obtained from G as follows: subdivide edge by a new vertex a 1 
and edge hih 2 by a new vertex b' and add a new edge e = a'6'. Then G' is a cubic and 
3-connected graph, v(G') = 2 mod 6, and G — {a, 6} = G' - {a', b'}. By (£2), G" - {a', 6'} 
has a A-factor. 
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3.11 



(z4) and by 
> (z4), from 
□ 



Now we prove (i2) <= (z7). Obviously, (z7) => (zl). By |3T8j (zl) 
zA) =>- (t2). Implication (t2) <= (z7) also follows from obvious (z£ 
(z7) (z8), ( |37T5j ), and from (z4) (t2) ( gTjj} . 

Here is a direct proof of (z7) =>■ (£2). 
3.17 (z7) (t2). 

Proof. Let G be a cubic, 3-connected graph, f(G) = 2 mod 6, xj/ £ E(G), N(x,G) = 
{x 1 ,x 2 ,y}, and N(y,G) = {yi,y 2 ,x}. Let Gi = G - {x,y} U E 1 , G 2 = G - {x,y} U E 2 , 
and G 3 = G - {a;,?/} U E 3 , where £i = {xi2/i,x 2 2/ 2 }, E 2 = {xiy 2 ,x 2 yx}, and £ 3 = 
{xix 2 , yiy 2 }- Obviously, each Gi is a cubic graph and v(Gi) = mod 6. It is easy to see 
that since G is 3-connected, there is s £ {1,2,3} such that G s is 3-connected. Clearly 
G s — E s = G — {x, y}. By (z7), G s — E s has a A-factor. □ 



3.18 (z8) {zl). 



Proof. Obviously, (z8) = 
Therefore {z8) => (z7). By[335| (z7) 



zA). By 3.11, (z4) =^ (t2) and by 3^16, (i2) 



>7). 
□ 



3.19 (zl) «=> (z8) 



3.16 



Proof. 

(«) = 



Obviously, (z8) =► (zl). By 3.8, (zl) (z4). 



3.20 (z8) 



(z7). By |3.15 
(A)- 



[z7) 



z8). Therefore (zl) 



By |3.11[ (z4) 
(z8). 



(t2). By 
□ 



Proof. Let G be a cubic 3-connected graph, v(G) = A mod 6, x £ V(G), and iV(x, G) = 
{xi,x 2 ,x^}- Let G' be the graph obtained from G by replacing x by a triangle T with 
V(T) = {x^, x' 2 , x' 3 } so that x^ £ E(G'), i £ {1,2,3}. Since v(G) = 4 mod 6, clearly 
v(G') = mod 6. Consider the 3- vertex path V = x^x^x^ in G'. By (z8), G' — V has a 
A-factor P' . Obviously, P' - L' is a A-factor of G' - L' and G - x = G' - L' . □ 



3.21 (z8) (/2). 



Proof (uses |3.20| ). Let G be a cubic 3-connected graph, t> (G) = 4 mod 6, x £ V(G), 
and e = 2/ij/ 2 £ E(G). We want to prove that if (z8) is true, then G — {x, e} has a 
A-factor. If x £ {2/1, y 2 }, then G — {x, e} = G — x, and therefore, by 3.20, our claim is 



true. So we assume that x ^ {2/1,2/2}- Let N(x,G) = {xi,X2,X3}. Let G' be the graph 
obtained from G by subdividing edge y%y 2 by a vertex y and edge XX3 by a vertex z and 
by adding a new edge j/z (see Fig. [8]). Since f(G) = 4 mod 6, clearly v(G') = mod 6. 
Since x £" {2/1,2/2} and G is cubic and 3-connected, G' is also cubic and 3-connected. 
Obviously, L = xzy is a 3-vertex path in G' and G — {x, e} = G — {x, 2/12/2} = G' — L. 
By (z8), G' - L has a A-factor. □ 
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3.22 (/2) =► (£4). 

Proof. Let G be a cubic, 3-connected graph, v(G) = 2 mod 6, x G V(G), and 
N(x,G) = {xx, X2, x^}. Let £?' be the graph obtained from G by replacing x by 
a triangle T with V(T) = {x^, x' 2 , x' 3 } so that Xjx'j G E(G'), i G {1,2,3}. Since 
= 2 mod 6, clearly v(G') = 4 mod 6. By (/2), G' — {a^x'-x^} has a A-factor 
Pi, where {i,j, k} = {1, 2, 3}. Since XjXj and Xfcx' fc are dangling edges in G' — {x[, x'jx' k }, 
clearly Xjx'pX^x' k G E(P i ) and d(x'j,Pi) = d(x f k ,Pi) = 1. Let Lj and L fc be the compo- 
nents of Pi containing Xjx'j and XkX k , respectively. Then E(Lj) U E(L k ) induces in G a 
5- vertex path Wi such that x is the center vertex of Wi and Xix\ $ E(Wi). □ 

3.23 (*3) (zl). 



Proof (uses 2.4 (al.3)). Suppose, on the contrary, that (£3) is true but (2I) is not 
true, i.e., there is a cubic 3-connected graph A such that v(A) = mod 6 and A has 
no A-factor. Let a G V(A). Let (A 1 , a*) above be a copy of (A, a) for i G {1,2} and 
let (A 3 , a 3 ) be such that v(A 3 ) = 2 mod 6. Let G = Y^A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. 
21). Obviously, v{G) = 2 mod 6. By (£3), G has a 5- vertex path such that 23 is the 
center vertex of W and G — W has a A-factor P. Obviously, (A % — a 1 ) fl = for some 
ze {1,2,3}. 

Suppose that (A 3 — a 3 ) Pi W — 0. Then IV has an end-edge in A 1 — a 1 and in A 2 — a 2 . 



Since A has no A-factor, by|2.4| (al.3), D l - e(W) C £(P) for i G {1, 2}. Then P is not 
a A-factor of G — W, a contradiction. 

Now suppose that (A 3 — a 3 ) fl 7^ 0. By symmetry, we can assume that (A 2 — 
a 2 ) HW = 0. Then W has an end-edge in A 1 — a 1 and in A 3 — a 3 . Then by 2.4 (al.3), 



Cmp(P l ) = {Li, L 2 }, where L\ has an end-vertex in A 1 — a 1 and L 2 has an end-edge in 
A 1 — a 1 . By symmetry, we can assume that ajzi G E(Li) for i G {1, 2}. Then L\ = a\ziy, 
where y G {a 2 , a 3 } and z 2 is of degree one in P. Then, taking into account the values of 
v((A l — a' 1 ) i G {1, 2, 3}, P is not a A-factor of G — W, a contradiction. □ 

3.24 (z8) => (/4). 
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Proof. Let G be a cubic 3-connected graph, v(G) = 4 mod 6, x G V(G), and iV(x, G) = 
{xi,X2,xs}. Let G' be the graph obtained from G by replacing a; by a triangle A with 
V(A) = {x'^x^Xg}, so that Xix\ G E(G'), i G {1,2,3}. Since u(G) = 4 mod 6, clearly 
v(G') = mod 6. Since G is cubic and 3-connected, G' is also cubic and 3-connected. 
Consider 3-vertex path L\ = Xjx'jX' k in G', where {i,j,k} = {1,2,3}. By (z8), G' — L\ 
has a A-factor P[. Since Xix\ is a dangling edge in G' — L[, clearly x i x' i G E(P' i ) and 
c?(a^, -Pi) = 1. Let A'j be the 3-vertex path in P[ containing x[xi, say = x\xiZ. Consider 
in G the 4- vertex path Z& Then x is an inner vertex of Zk, xxk G" E(Zk), and 

P[ - {L\ U A^} is a A-factor in G - Z k . □ 

Let if' be a tree such that V(H') = {x,y} U {6 J ' : j G {1,2,3,4} and E(H') = 
{xy,b l x ) b 2 x,b 3 y ) b 4 y}. Let iij, i G {1,2,3} be three disjoint copies of H' with V(Hj) = 
{xi, yi} U {b{ : j G {1, 2, 3, 4}}. Let i7 be the graph obtained from these three copies by 
identifying for every j three vertices b{, b° 2 , b J 3 with a new vertex zK Let A\ i G {1, 2, 3, 4}, 
be a cubic graph, a 1 G V^A 4 ), and let G = H(A l , a 1 ; A 2 , a 2 ; A 3 , a 3 ; A 4 , a 4 ) be the graph 
obtained from H by replacing each z J by — a? assuming that all A l, s are disjoint. 

3.25 (/3) => (zl). 



Proof (uses 2.2). Suppose, on the contrary, that (/3) is true but (zl) is not true, 
i.e., there exists a cubic 3-connected graph A such that v(A) = mod 6 and A has no 
A-factor. Let a G V(A). Let A 4 be any cubic 3-connected graph with v (A 4 ) = 2 mod 6 
and each (A\ a 1 ), % G {1, 2, 3}, be a copy of (A, a). 

Let the graph-composition G = H^A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ; A 4 , a 4 ) and its frame if be 
as defined above. Then if is a cubic 3-connected graph. Since each brick A % is cubic 



and 3-connected, by 2.2, G is also cubic and 3-connected. Obviously, v(G) = 4 mod 6. 
It is easy to see that G — Z has no A-factor for every 4- vertex path Z in G such that y\ 
is an inner vertex of Z . This contradicts (/3). □ 



Obviously, (/4) =>• (/3). Therefore from 3.25 we have (/4) =>■ (zl). Below we give 
a direct proof of this implication. 

3.26 (/4) (zl). 

Proof. Suppose, on the contrary, that (/4) is true but (zl) is not true, i.e., there 
exists a cubic 3-connected graph A such that v(A) = mod 6 and A has no A-factor. 
Let a G V(A). Let (A 3 , a 3 ) be a copy of (A, a) and let (A\a l ) for i G {1,2} be copies 
of (B,b), where B is a cubic 3-connected graph, v(B) = 2 mod 6, and b G V(B). Let 
G = F(A 4 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. §. Obviously, = 4 mod 6. By (/4), G has 
a 4-vertex path Z such that Z3 is an inner vertex of Z, (A 3 — a 3 ) PI Z — 0, and G — Z 
has a A-factor, say P. Since A 3 has no A-factor, clearly P is not a A-factor of G — Z, a 
contradiction. □ 

Implication (z8) =>■ (/l) follows from obvious (z8) =>- (2;!) and from (zl) =>■ (/l), by 
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37T0j It also follows from obvious (/2) (fl) and from (z8) => (/2), by|3T2lj Below 



we give a direct proof of this implication. 
3.27 (/6) => (/5) => (/4) =>■ (zl) =>■ (/6). 



3.26 



3.19 



(/4) 
(zl) 



Proof (uses [3^26| and |3^19| ). Obviously, (/6) => (/5) (/4). By 
(zl). Therefore (/6) =>- (zl). It remains to prove (zl) (/6). By 
(z8). Thus it is sufficient to show that (z8) =>• (/6). Let G be a cubic 3-connected 
graph, i> (G) = 4 mod 6, and xyz is a 3-vertex path in G. Let N(y, G) = {x, z, s} 
and G be obtained from G by subdividing edges yz and by new vertices z' and s', 
respectively, and by adding a new edge s'z' . Then G' is a cubic 3-connected graph and 
v(G') = mod 6. Consider the 3-vertex path V = zz's' in G'. By (z8), G' has a A-factor 
P' containing V . Since vertex y has degree one in G' — L', clearly P' has a 3-vertex path 
Q' = yxq. Let Z be the 4-vertex path qxyz in G. Then P' — (L! U Q') is a A-factor in 
G-Z. □ 

3.28 (z9) (zl). 

Proof. Obviously, (z9) =>• (z8). By the above claims, (zl), (-28), (£4), and (/6) are 
equivalent. So we can use these claims to prove (z9). Let G be a cubic 3-connected 
graph, K a 3-edge cut of G, S C if and \S\ = 2, and f (G) = mod 6. If the edges of 
K are incident to the same vertex x in G (i.e., K = D(x,G)), then by (z8), G has a 
A-factor P of G such that E(P) H K = S, and so our claim is true. So we assume that 
the edges in K are not incident to the same vertex in G. Then, since G is cubic and 
3-connected, clearly 3-edge cut K forms a matching. Let A and B be the two component 
of G — K. By the above arguments, we have v(A) 7^ 1 and v(B) 7^ 1. Let A b be the 
graph obtained from G by identifying the vertices of B with a new vertex b and similarly, 
let B a be the graph obtained from G by identifying the vertices of A with a new vertex 
a, and so A = A b - b and B = B a - a. Then D(6, A 6 ) = D(a, B a ) = D, and S C D. 
Let 5 = {0161,02^2}, where {a>i,a 2 } C V(A) and {bi,b 2 } C V(5). Obviously, S forms a 
3-vertex path Sa = a\ba 2 in v4 fe and a 3-vertex path Sb = biab 2 in _B a . Since G is cubic 
and 3-connected, both A b and P a are also cubic and 3-connected. Since v(G) = mod 6, 
there are two possibilities (up to symmetry): 

(cl) v (A b ) = mod 6 and v(B a ) = 2 mod 6 and 
(c2) v(A b ) = v(B a ) = 4 mod 6. 

Consider case (cl). By (z8), A b — Sa has a A-factor P A - By (£4), _B a has a 5- vertex 
path iy such a is the center vertex of W, Sb C W, and B a — W has a A-factor Pg. 
Then P(P A ) U P(P B ) U S induces a A-factor P in G such that E{P) (1 K = S. 

Now consider case (c2). By (/6), we have: 

(a) A b has a 4-vertex path such that a\ is an end- vertex of Za, Sa C Za, an d A 6 — 
has a A-factor, Pa] 

(b) likewise, B a has a 4-vertex path such that b 2 is an end-vertex of Zb, Sb C Zs, 
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and B a — Zg has a A-factor Pg. 

Then E(P A ) U E(P B ) U S induces a A-factor P in G such that E{P) nK = S. □ 

4 Properties of A-factors in graph-compositions 

In this section we consider graph-compositions having A-factors and with all bricks 
having the same number of vertices modulo 6. It turns out that the A-factors of such 
graph-compositions intersect its 3-blockades in a special way and correspond to some 
special subgraphs in the frame of the composition. 

Let G = B{{A V , a v ) :v e V{B)} and P be a A-factor of G if any exists. Let F(P, G) 
be the subgraph in B induced by the edge set a~ 1 (E'(G) fl E(P)). Let P(P, G) be the 
directed graph obtained from F(P,G) by directing each edge uv in F(P,G) from u to 
v , if u^ p v. For a A-factor P of B, let P denote the directed graph obtained from P by 
directing the two edges of each 3-vertex path L in P to the central vertex of L. We call 
P a A-difactor of B. 

A subgraph C of a graph H is called a cycle-packing in H if each component of C 
is a cycle. For a cycle-packing Q in P, let Q denote the directed graph obtained from 
Q by directing its edges so that every cycle in Q becomes a directed cycle. We call Q a 
cycle- dipacking of B. 

4.1 Let B be a cubic 3-connected graph with no 3-blockades. Let G be the graph obtained 
from B by replacing each vertex by a triangle (i.e., G = B{K 4 ,x}, where x G V(K±), 
and so G is a claw-free graph). 

(al) Let P be a A-factor of G. Then 

(al.l) F(P,G) is a cycle- dipacking in B, 

(al.2) \KnE(P)\ G {0,2} for every 3-blockade K ofG, and 

(al.3) E(T) n E(P) ^ for every triangle T ofG. 
(a2) Let Q be a cycle- dipacking in B. Then G has a A-j "actor P such that F(P, G) = Q. 



Proof (uses |2.4). Obiously, (al.l) =>- (al.2) =^ (al.3). So all we need prove (al). Let 



F = F(P, Q) and v G V(F). Let di n (v) and doutiv) denote the number of edges coming 



in v and going out of v in F, respectively. By |2.4| and the fact that each vertex has been 
replaced by a triangle, there are three possibilities for every v G V(F): 

(cO) d in (v) = doutiv) = 0, 

(cl) d in {v) = 1 and d out (v) = 1, and 

(c2) d in (v) = and d out (v) = 3. 

If F has no vertices satisfying (c2), then we are done. So let u be a vertex in F 
satisfying (c2). Let 5 be a maximal directed path starting at u and ending at x. Clearly, 
di n {x) = 1. Then x satisfies (cl), and so d out (x) = 1. Therefore P has an edge going 
out of x. Since S is a maximal directed path starting at u, clearly y G V(S — {u,x}). 
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Then di n (y) = 2, a contradiction. Finally, (a2) follows from the fact that G = B{K 4 , x} 
and that every 2-edge matching covers the vertices of every triangle in K 4 . □ 

Below we give a construction that provides a big variety of graph-compositions with 



the properties similar to that of a special graph-composition in 4.1 



4.2 Let B and each A u , u G V(B), be a cubic 3-connected graphs and G = B{(A U , a u ) : 
u G V(B)}. Suppose that 

(hO) v(B) = mod 6 and each v(A u ) = 2 mod 6, and so v(G) = mod 6, 

(hi) each A u — (N(a u ) U a u U x) has no A-j "actor for every vertex x in A u — (N(a u ) U a u ) 
adjacent to a vertex in N(a u ), and 

(h2) each A u — {a u ,z} has a A-factor for every a u z G E(A U ), and 
(h3) each A u — W has a A-factor for every 5-vertex path W in A u centered at a u . 
Then 

(al) if P is a A-factor of G, then a~ 1 {E(P) fl E'(G)} is the edge set of a A-factor Q of 
B and F(P, G) = Q, 

(a2) if P is a K-f actor of G and if B and each A u have no 3-blockades, then \KC\E(P)\ G 
{1,2} for every 3-blockade K in G, and 

(a3) if Q is a K-dif actor of B, then there exists a A-f actor P of G such that F(P, G) = Q. 



Proof (uses 2.4). Obviously, (a2) follows from (al). We prove (al). Let E'(P) 



E(P) n E'(G) and P u be the union of the components (3- vertex paths) of P meeting 
D(A U ,G). By (hO), v(A u ) = 2 mod 6. Therefore P u satisfies (al.l) or (al.2) or (al.3) 
ing By (hi), P u does not satisfy (al.3) ing Thus a' 1 (E'(P)) is the edge set of 



a A-factor P' in B and the two edges of the same 3- vertex path L in P' are directed to 
the center vertex of L. Finally, (a3) follows from assumption (h2) and (h3). □ 

It is also easy to prove the following claim similar to that above when the assumption 
v(A u ) = 2 mod 6 is replaced by v(A u ) = 4 mod 6. 

4.3 Let B and each A u , u G V(B), be a cubic 3-connected graphs and G = B{(A U , a u ) : 
u G V(B)}. Suppose that 

(hO) v(B) = mod 6 and each v(A u ) = 4 mod 6, and so v(G) = mod 6, 

(hi) each A u — T u has no A-factor, where T u is a tree subgraph of A u containing a u and 
such that T u — a u is a 3- edge matching, 

(h2) each A u — a u has a A-factor, and 

(h3) each A u — IT has a A-factor, where IT is a J^-vertex path in A u with a u being an 
inner vertex of IT. 

Then 

(al) if P is a A-factor of G, then F(P,G) is a cycle- dipacking in B, 
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(a2) ifP is a A-factor ofG, then \D{A U ,G) n E(P)\ G {0,2} for every u G 7(B), and 
(a3) if Q is a cycle- dipacking in B, then G has a A-factor Pof'G such that F(P, G) = Q. 



The proof of (al) and (a2) in 4.3 is similar to that in 4.1 The proof of (a3) in 4.3 
is similar to that in 14.21 

In the next two claims we give constructions of bricks satisfying the assumptions 
(hO) - (h3) in 4.2| and 4.3, respectively. 

Let Z = Y(A 1 , a 1 ; A 2 , a 2 ; A 3 , a 3 ) (see Fig. [2]), where A 3 is the graph having two 
vertices z, a 3 and three parallel edges with the end-vertices z, a 3 , and so A 3 — a 3 = z. 
Let Ki = D(Ai, Z), and so Ki is the blockade with three edges having exactly one end- 
vertex in Ai, i G {1, 2}. 



Using 2.4 it is easy to prove the following two claims. 

4.4 Let (Z,z) be a pair defined above. Suppose that v(A l ) = mod 6 for i G {1,2}. 
Then v(Z) = 2 mod 6 and 

(al) Z — (N(z, Z) U z U v ) /ias no A-factor for every vertex v in Z — (iV(z, Z) U 2) (see 



also|2~4|(al.3) and Fig. gj), 

(o2) i/ z*' G and P «s o A-factor of Z - {z, tten n E(P)| G {1,2} /or 

z G {1, 2}, and 

(a3) if W is a 5-vertex path in Z with z being the center vertex ofW and P is a A-factor 
ofZ-W, then |iQn£(P)| G {1,2} for i G {1,2}. 

4.5 Lei (Z, z) be a pair defined above. Suppose that v(A l ) = 4 mod 6 for i G {1,2}. 
Then v(Z) = 4 mod 6 and 

(al) if T is a tree subgraph of Z containing z and such that T — z is a 3-edge matching, 
then Z — T has no A-factor (see also 2.4 (a2.3) and Fig. 

(o2) if P is a A-factor of Z - z, then \K { n E(P)\ G {0, 2, 3} for i G {1, 2}, and if in 
addition, both A 1 and A 2 are isomorphic to K4, then \Ki R E(P)\ = 2 for i G {1, 2], 

(a3) if LT is a 4-vertex path in Z with z being an inner vertex of IT and P is a A-factor 
of Z -II, then |i^n£(P)| G {0,2} fori G {1,2}, and 

(o4) if P is a A-factor of Z - (iV(z) U z), then \K { n P(P)| = /or i G {1,2}. 

If (Z, z) satisfies the assumptions in 4.4, then by 4.4, the graph-composition B{Z, z} 



satisfies the assumptions of 4.2, and therefore has the properties (al), (a2), and (a3) in 
[421 

Similarly, if (Z, z) satisfies the assumptions in 4.5 then by 4.5 the graph-composition 
B{Z, z) satisfies the assumptions of 4.3, and therefore has the properties (al), (a2), and 



(a3) in 4.3 



Notice that if any claim in 3.1 is true, then there are infinitely many pairs (Z,z) 
satisfying the assumptions and, accordingly, the conclusions of 4.4 as well as of |4.5[ 



From 4.2 and 4.3 we have, in particular: 
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4.6 Let {i,j} G {{0, 2}, {1, 2}}. Then there are infinitely many cubic 3-connected 
graphs G such that v(G) = mod 6 and \E(P) D K\ G {i, j} for every A-factor P of G 
and every 3-edge cut K of G. 

5 A-factor homomorphisms for graph-compositions 

Let, as in Section § G = B{(A u ,a u ) : u G V(P>)}, A u = A u - a u , and E'(G) = 
E(G) \ U{E(A V ) : v G V(B)}. Let N(a u ,A u ) = N u . As we mentioned in Section g) 
there is a unique bijection a : E(B) — > E'(G) such that if uv G E(B), then a(-uf) is an 
edge in G having one end- vertex in A u and the other end- vertex in A v . 

Suppose that P is a A-factor of B. Let V S (P) be the set of vertices of degree s in P 
(and so s G {1, 2}). For a 3-vertex path ituw in P, let A"(P) = A u — End(a(uv)) and let 
A V 2 (P) be the graph obtained from A v by adding two edges a(uv) and together 
with their end-vertices. 

Let T(H) denote the set of A-factors of a graph H and T(G, P) denote the set of A- 
factors Q of G such that or x (E'(G) HE(Q)}) = E(P). Let X (g) Y denote the Cartesian 
product of sets X and Y (we assume that if Y = 0, then X (g) Y — X). 

From I4T21 we have: 

5.1 Lei £> and each A u , u G V(B), be cubic 3-connected graphs. Suppose that each 
v(A u ) = 2 mod 6 and each (A u ,a u ) satisfies the following conditions: 

(hi) A u — (N u U a u U y) has no A-factor for every vertex y in A u — (N u U a u ) adjacent 
to a vertex in N u and 

(h2) A u — {a u ,z} has a A-factor for every a u z G E(A(u)), and 
(h3) A u — W has a A-factor for every 5-vertex path W in A(u) centered at a u . 
Then : 

(71) T(G, P) n r(G, P') = for P, P' G T(B), and P ^ P' , 

( 7 2) r(G, P) = [®{T(A\(P)) : v G K(P)}] <8)[<8){r(^(P)) : u G F 2 (P)}] ; and 

( 7 3) r(G) = U{r(G,p):PGr(P)} ; 

and so G has a A-factor if and only if B has a A-factor. 

— * — * 

Suppose that C is a cycle-dipacking in B. If uvw is a directed 3-vertex path in C, 
then let Al(C) be the graph obtained from A v by adding two edges a(uv) and a(vw) 
together with their end- vertices, a new vertex z, and a new edge to. 

Let T(G,C) denote the set of A-factors Q in G such that F(G, Q) = C. Let C(B) 
denote the set of cycle-dipackings in B. 

From [4731 we have: 



24 



5.2 Let B and each A u , u £ V(B), be cubic 3-connected graphs. Suppose that each 
v(A( u ) = 2 mod 6 and each (A u , a u ) satisfies the following conditions: 

(hO) each v(A u ) = 4 mod 6, and so v(B) = mod 6 and v(G) = mod 6, 

(hi) each A u — T u has no A-factor, where T u is a tree subgraph of A u containing a u and 
such that T u — a u is a 3- edge matching, 

(h2) each A u — a u has a A-factor, and 

(h3) each A u — IT has a A-factor, where IT is a J^-vertex path in A u with a u being an 
inner vertex of II. 

Then 

( 7 1) T(G, C) n r(G, C) = for 6, C £ C(B), C C, 

( 7 2) T(G, C) = [®{T(A:(C) : v £ V(C)}} ® [®{r(A« - a w ) : u £ V(B) - V(C)}], and 

( 7 3) T(G) = {J{T(G,C):CeC(B)}. 

As it is shown in Section |4j there are infinitely many pairs (A, a) satisfying the 



assumptions in 5.1, as well as in 5.2 



6 Cyclically 6-connected cubic graphs with special 
A-factor properties 

In this section we describe a sequence (mentioned in Section [3j remark (r2)) of 
cyclically 6-connected graphs G with two disjoint 3-vertex paths L, V such that v(G) = 

mod 6 and G — (L U V) has no A-factor. 

We call a path T in a graph G a thread if the degree of each inner vertex of T in G 
is equal to two and the degree of each end-vertex of T in G is not equal to two. 

Let C s be a cycle with 9s vertices, s > 1, and let {L k : k £ {1, ... , 3s}} be a A-factor 
of C s , where Li = (zjzfzf). Let R s be the graph obtained from C s by adding the set 
{x\ : % £ {1, . . . , s},j £ {1, 2, 3}} of 3s new vertices and the set {xjzf, x^ +s , xizf +2s '■ 

1 £ {1, . . . , s}, j £ {1, 2, 3}} of 9s new edges (see Fig. |9]for an illustration of (Ri, L, L')). 
Let Xi = {xlxlxf}. 

Let Ql_i = R s — X{. Then the vertices of 3-vertex paths Li, Li +S , and Li + 2. s are of 
degree two in Q\_i. Let T i; T i+S , and T i+2 s be the threads in Ql_ 1 containing Lj, 
and L i+ 2s, respectively, and so each of these threads has exactly five vertices. Let R l s _i 
be the graph obtained from Q l s _ x by replacing threads T i; T i+S , and T i+2s by edges t iy 
t i+s , and t i+2s - Then obviously, -R^-i i s isomorphic to R s -i. 

Let Fj be the subgraph of R s induced by the vertex subset V(Li U L i+S U L i+2s ) U Xj. 
Then i? s = Ql_ x U Fj, C s PI Yi = Li U L i+S U L i+ 2 S , and the set X* of edges having one 
vertex in Y t and the other vertex in R s — Y^ is a 6-blockade in s > 2. 

6.1 Lei s > 1, be the graph defined above, and so v(R s ) = 12s. Then 
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z 3 z 1 

Figure 9: (R^L,^), v(R{) = 12 

(al) R s — (L U L') has no A-factor for every pair {L,L'} C {Lj, L i+S , Lj +2s } ; i G 
{1 s}, 

(a2) c(i? s ) = 6 for s > 2 and c(i?i) = 5 (and /or every 5-blockade M of R\ one of the 
two components of R\ — M is a 5-cycle), and 

(a3) R s — L — e has a A-factor for every edge e and every 3-vertex path L in R s — e. 
Proof. The proof will consist of three parts. 

(pi) We prove (al). By symmetry, we can assume that L = L\ +s and V = Li + 2 S - Let 
G = R s — (L U L'). Suppose, on the contrary, that G = R s — (L U V) has a A-factor 
P. Then each edge x{z{, j G {1,2,3}, is a dangling edge in G. Then x\z\ belongs to 
a 3-vertex path L" . By symmetry, we can assume that L" = z\z\x\. Then x\ is an 
isolated vertex in G — L" (see, for example, Fig. [9j where x % = x\). Therefore P is not 
a A-factor of G, a contradiction. 

(p2) We prove (a2) by induction on s. It is easy to check that Ri has the properties 
described in (a2). So let s > 2. Since R s has 6-cycles, c(R s ) < 6. So our goal is to prove 
that c(R s ) = 6. Let M be a minimum blockade in R s . Obviously, each R s is a connected 
graph, and so M ^ 0. 

Let Qs-i = Q s s -i, and so the vertices of 3-vertex paths L l = L s , L 2 = L 2s , and 
L 3 = L 3s are of degree two in Q s -\. Let T 1 = T s , T 2 = T 2s , and T 3 = T 3s be the threads 
in Qs-i containing L , L 2 , and L 3 , respectively. Then graph R s -i can be obtained from 
Qs-i by replacing each thread T J by a new edge P, j G {1,2,3}. Let Y = Y s . Then 
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R s = Q s -i U F and C s n Y = L 1 U L 2 U L 3 and the edge set K = K s is a 6-blockade. 

We know that c(Ri) = 5 and by the induction hypothesis, c(R s -i) = 6 if s > 3. 

Suppose first that M has an edge ab in P s — F. Then ab G P(P s _i), and so M 
contains a subset M' which is a blockade in Q s -i separating a and b. If |M'| = 6, then 
6 < \M'\ < |M], and we are done. Since ab G P(P s _i), the sizes of minimum blockades 
separating a and 6 in Q s -\ and P s _i are the same. So if s > 3, then by the induction 
hypothesis, \M'\ = 6, and we are done. 

So let s = 2 and \M'\ < 6. Since c(R±) = 5, \M'\ is equal to the size of a minimum 
blockade in R\, and so \M'\ = 5. Since no minimum blockade of R\ is a cut in i?2, we 
have 5 = \M'\ < |M|, and so \M\ = 6. 

Now suppose that M has no edge in R s — F, i.e., M C -E'(F) U if. Then it is easy 
to check (using the symmetries of F) that every such blockade has six edges, and so 
\M\ = 6. 

(p3) Finally, we prove (a3). Let, as in (p2), Y = Y S and X = X s . Obviously, each F is 
isomorphic to F. It is easy to prove the following claims. 

CLAIM 1. F — L — e has a k-f actor for every edge e inY and for every 3-vertex path 
LinY — e. 

Claim 2. Let a and b be distinct vertices of degree two in Y that belong to different 
components ofY — X and let Y(ab) be the graph obtained from Y by adding a new edge 
ab. Let S be a 3-vertex path in Y(ab) containing edge ab. Then Y(ab) — S — e has a 
K-f actor for every edge e in Y(ab) — E(S). 

Let D = E{C S ) — E(U{Lj, : k G {1, ...,3s}). Obviously, D is a matching and 
R s = U{F : i G {1, . . . , s}} U D. Now, if Pj is a A-factor of F, then clearly U{Pi : % G 
{1, . . . , s}} is a A-factor of R s . Therefore from Claim 1 we have: 

Claim 3. R s — L — e has a A-factor for every edge e in R s and every 3-vertex path 
L in R s — D — e. 

Thus, it remains to consider a pair (P, e), where P is a 3-vertex path containing an 
edge in D and e G E(R S — P). Since D is a matching, P has exactly one edge d in D. 
By symmetry of R s , we can assume that d = z\z\ and P = z\z\y, where zf and z\ are 
vertices of degree two in Y 1 and F 2 , respectively, and v G {x\, z%}. 

For z G V(C S ), let a(z) = x if xz G E(R S ) and x G X. Obviously, a is a function 
from V{C S ) onto X. 

(p3.1) Suppose first that v = x\. Let F 2 i-i = Z2 i _ 1 zl i a(zl i ), and so Pi = P. Let M = 
U{P2«-i : {i G {1, . . . , s}}. By symmetry, we can assume that e ^ E(M). Obviously, 
M is a A-packing in P s and F fl M consists of three vertices Oj, 6j, and Xj and one 
edge OjXj, where and bi have degree two in F and belong to different components 
of F — Xi and £j G Xj. Let Si = Xia^bi. Then Si is a 3-vertex path in F(a«&i)- By 
Claim 2, F(aA) — ^ — has a A-factor TV* for every edge in F(aj6j) — E(Si). Let 
iV = U{Ni :ie {!,..., s}}. Since F(F l~l M) — V(Si), we have: M U AMs a A-factor of 
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R s containing F and avoiding e. 

(p3.2) Finally, suppose that v = z\. Let Fi = Z2i-i z 2i z 2ii an d so F = F±. Let M = 
U{Fi : i e {1, . . . , s}}. By symmetry, we can assume that e ^ E(M). As in (p3.1), M is 
a A-packing in R s and FjflM consists of three vertices cij, bi, and Xj and one edge a^j, 
where and 6j have degree two in Yi and belong to different components of Y^ — Xi and 
Xi G Xj. Therefore we are done by the same arguments as in (p3.1). □ 
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